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Abstract. We study the invariant distributions for horocycle maps on 
T\SL(2, R) and prove Sobolev estimates for the cohomological equation 
of horocycle maps. As an application, we obtain a rate of equidistribu- 
tion for horocycle maps on compact manifolds. 
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1. Introduction 



We say that / is a coboundary for the flow {4>t}teR if there is a solution 
u to the cohomological equation 



and / is a coboundary for the map 4>t if there is a solution to the cohomological 
equation 

u o 4> T - u = f, 

for T > 0. In this paper we study the discrete analogue of the classical horo- 



each acting by right multiplication on (compact) homogeneous spaces of the 
form r\P5L(2,R). Motivated by the success of using cohomological equa- 
tions to prove quantitative equidistribution of horocycle flows and nilflows 
[2] , [3] , we study the cohomological equation for horocycle maps and quan- 
titative equidistribution. 

Horocycle flows are known to have zero entropy, and the precise mixing 
rates for geodesic and horocycle flows were obtained by Ratner [12j and 
Moore [10], and Ratner proved horocycle flows have polynomial decay of 
correlations. Concerning ergodicity, Furstenberg [5j proved the horocycle 
flow is uniquely ergodic (i.e. every orbit equidistributes) in 1970. M. Burger 
[lj estimated the rate of unique ergodicity for sufficiently smooth functions 
along orbits of horocycle flows on compact surfaces and on open complete 
surfaces of positive injectivity radius. P. Sarnak [14] obtained asymptotics 
for the rate of unique ergodicity of cuspidal horocycles on noncompact sur- 
faces of finite area using a method based on Eisenstein series. For sufficiently 
regular functions, Flaminio-Forni [2] improved on Burger's estimate for com- 
pact surfaces by establishing precise asymptotics in this setting, and in the 
case of noncompact, finite area surfaces, they generalize the result of P. 
Sarnak to arbitrary horocycle arcs. 

Quantitative equidistribution results for horocycle maps are very recent. 
Shah's conjecture states that for all 5 > 0, the horocycle map {4> U s} n &+ 
equidistributes in r\£X(2,R). In [16J, Venkatesh was able to upgrade quan- 
titative equidistribution and quantitative mixing of the horocycle flow to 
prove upper bounds on the equidistribution rate of the "twisted" horocycle 
flow {<f>Y x e 2mt }t£R on compact manifolds SM x S 1 . He then used this to es- 
timate a rate of equidistribution for the horocycle map {4>n}nez+ i n compact 



for some explicit number 1 < 5r « 2. Even more recently, Sarnak-Ubis 




t=o 





equidistributes whenever < 5 < 5r 
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proved the orbit of a generic point at prime times of the horocycle flow in 
the modular surface is dense in a set of positive measure [15]. 

Representation theory is a natural tool for studying cohomological equa- 
tions on homogeneous spaces [2], [3], [9]. Flaminio- Form's (2003, [2]) de- 
tailed analysis of the cohomological equation for the horocycle flow was car- 
ried out through its representations in the irreducible, unitary components 
of L 2 (T\SL(2, R)). We take this approach for the cohomological equation 
of horocycle maps. Previous results on cohomological equations for homo- 
geneous R or Z actions show there are infinitely many independent distri- 
butional obstructions to the existence of L 2 solutions. Consistent with this 
picture, we find there are infinitely many independent distributional ob- 
structions for the horocycle map with some finite loss of regularity between 
the Sobolev estimates of the transfer function and its coboundary (see also 
[2]) [2]) [1])) an d we find this for horocycle maps as well. 

We obtain an asymptotic formula for the ergodic sum of the horocycle 
map in terms of the invariant distributions, and we improve the estimate 
for the rate of equidistribution found in |16| for compact manifolds. As 
in [2], we use our estimate of the cohomological equation for the map to 
obtain a rate of equidistribution for coboundaries, and we use the analysis 
of the flow invariant distributions for the horocycle flow in [2] to estimate 
the rate of decay for the flow invariant distributions of the map. We use 
Venkatesh's estimate of the equidistribution of the twisted horocycle flow 
in [16] to estimate the invariant distributions of the map that are not flow 
invariant. Then because the ergodic sum of every regular enough function 
is controlled either by the cohomological equation or one of the invariant 
distributions, we obtain an upper bound on the speed of equidistribution. 

1.1. Preliminary definitions. The Poincare upper half-plane H is the 
manifold {z £ C\S$(z) > 0} endowed with the metric J^U . Its isometry 
group is PSL(2, R). If T C PSL(2, R) is a discrete subgroup acting without 
fixed points, then M := T\H is a Riemannian manifold of constant negative 
curvature. Let SH be the unit tangent bundle of H. As PSL(2, R) acts 
simply transitively on SH, we obtain the identifications PSL(2, R) ~ SH, 
and T\SH « T\PSL(2,R). Define SM = T\SL(2,R), which is therefore 
the double cover of T\SH. 
The matrices 



in s/(2,R) are the stable and unstable "horocycle vector fields" on SM; the 
right multiplication on r\SX(2,R) by the one-parameter groups 



(1) 
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defines the flows {(/>¥} t£R and {4>Y}teM that correspond to the stable and 
unstable horocycle flows on SH, respectively. Let T > 0, and define 

Ltu := u o — u, 

for u £ L 2 (R). The main result in this paper is to study the cohomological 
equation 

(2) L T u = f 

when / and u belong to some Sobolev spaces to be made precise later. In 
particular, we are interested in obtaining Sobolev estimates of the transfer 
function u in terms of the coboundary /. 

1.2. Harmonic analysis. Elements of sZ(2,R) generate some area preserv- 
ing flows on SM, and we choose a basis for sZ(2,R) to be 

<«> *=(;_!)• "=(-!-;)•*=(-!; 

which are generators for the geodesic, orthogonal geodesic and circle vector 
fields respectively. These generators satisfy the commutation rules 

[X, Y] = -29, [G, X] = 2Y, [0, Y] = -2X, 

and note that we have 

2 2 
We define the Laplacian A as the element of the enveloping algebra of 
sZ(2,R) given by 

I + A--I- (X 2 + Y 2 + 6 2 ). 
The Casimir operator is then given by 

□ := A + 26 2 ; 

it generates the center of the enveloping algebra of sZ(2,R). As such, it 
acts as a constant ^6lon each irreducible, unitary representation space 
/C M , and its value classifies the ZC M into three classes. The representation 
ICp belongs to the principal series if \i > 1, the complementary series if 
< n < 1, the discrete series if pL € {— 4j 2 + 4j\j > 2 is an integer} and 
the mock discrete series if \x = 0. 

Our notation differs from other conventions in the following two ways. 
We consider the discrete series and the mock discrete series together, so for 
any \x < 0, we simply refer to K.^ as a discrete series component. Next, 
our measure for the holomorphic unit disk model of the discrete series is 
4 |g_i|2(il-+i) dudv, which is obtained by change of variable from the corre- 
sponding measure y u ~ l dxdy in the upper half-plane model. Finally, some 
authors scale the vector fields so that the geodesic flow travels at unit speed 
with respect to the hyperbolic metric of constant curvature -1, and in this 
case, the component K.^ is in the principal series whenever fi > 1/4, e.g. 
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[2J. Our geodesic flow has speed 2 with respect to the hyperbolic metric of 
constant curvature -1. 

Considering L 2 (M) as a subspace of L 2 (SM), we have that L 2 (M) is 
□-invariant, and the spectrum of □ on L 2 (M) coincides with the spectrum 
of the Laplace-Beltrami operator on Am- The spectrum of the Laplace- 
Beltrami operator Aj\/ on M and that of the Casimir □ coincide on M + . 
When M is compact, standard elliptic theory shows spec(AM) is pure point 
and discrete, with eigenvalues of finite multiplicity. When M is not compact, 
spec(Ajvf) is Lebesgue on [l,oo) with multiplicity equal to the number of 
cusps, has possibly embedded eigenvalues of finite multiplicity in [1, oo), and 
has at most finitely many eigenvalues of finite multiplicity in (0, 1) (see |14j). 

There is a standard unitary representation of SL(2, M) on the separable 
Hilbert space L 2 (SM) of square integrable functions with respect to the 
SL(2,M) invariant volume form on SM. As in Flaminio-Forni (2003), the 
Laplacian gives unitary representation spaces a natural Sobolev structure. 
The Sobolev space of order r > is the Hilbert space W r (SM) C L 2 (SM) 
that is the maximal domain determined by the inner product 

(f,9)w(SM) ■= ((1 + A) r /,5) L2(M) 

for /, g GL 2 (5M). 

The space of infinitely differentiable functions is 

C°°{SM) := n r > W r {SM). 

For r > 0, the distributional dual to W r {SM) is the Sobolev space W~ r {SM) = 
(W r (SM))' . The distributional dual to C°°(SM) is 

£'{SM) := (C°°(SM))' . 

Because the Casimir operator is the center of the enveloping algebra and 
acts as an essentially self-adjoint operator, any non-trivial unitary represen- 
tation % for SL(2,M) has a SL(2, R)-invariant direct integral decomposition 

(4) n= f K^dPin), 

where d(3(fi) is a Stiltjes measure over the spectrum spec(D) (see [8]). The 
space /C^ does not need to be irreducible but is generally a direct sum of 
an at most countable number of equivalent irreducible components given by 
the spectral multiplicity of fj, E spec(0). 

Additionally, all operators in the enveloping algebra are decomposable 
with respect to the direct integral decomposition §4§. In particular, 

L 2 (SM) = f /C M , 

and for r G R, 

(5) W(SM) = I W r (IC^. 
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When SM is compact, these integral decompositions are direct sums. 
1.3. Statement of results. 



Let 

Ho = inf(spec(A M ) - {0}). 

We consider manifolds M with a spectral gap fio > 0. Let (x,T) G SM x 1R + 
and r > 0. Let 

X(S*M) := {V G S'(SM) : L_ T V = 0} 

be the space of ^-invariant distributions, and let X(/C M ) := T(SM)n£'(]C fl ). 
Similarly, 

T{SM) := T(SM) n W~ r {SM) and X r (/C M ) := X(/C M ) n W - ^/^). 
By ([5]), we have 

1(SM)= f J(/C M ) andX r (SM) = / X^). 

Theorem 1.1. Let e > and > 0. For a// G spec(d), i/ie space X(/C„) 
aas infinite countable dimension. 

For y, > 0, X(X^) C W-« 1+ *vT=a/2+«0 

When /U < 0, £aere zs an infinite basis {Tl^keN U {X> } C T(Ku) such that 
X>° G VF _ ^ 1+5R ^ 1_ ^^ 2+<E - ) (/C„) is i/ie /ilow invariant distribution studied in 
m and ({V k } km ) Ciy-( 1+e )(/C M ). 

It will follow from Theorem 11.21 that the invariant distributions classify 
the space of coboundaries that have smooth solutions. Let 

^nn(X r (5M)) = {/ G PF"(5M)|£>/ = for all £> G T{SM)}. 

Theorem 1.2. Let T > 0,r > and f £ Ann(l 3r+4 (SM)). Then there is a 
unique L 2 (SM) solution u to Ltu = /, and there is a constant C r> T t SM > 
such that 

(6) ||«||w r (SiW) - C r ,T,SAl\\f\\w 3r + 4 {SM)- 

If T> is an invariant distribution and u G C°°(SM), then from definitions 
we conclude 

£>(/) = V{u o <f%) - V{u) = 0. 

In this sense, invariant distributions are obstructions to the existence of 
smooth solutions of equation Q . Theorem 11.31 gives the invariant distribu- 
tions that obstruct the existence of L 2 (SM) solutions for sufficiently regular 
coboundaries /. Let 

I{SM) := I{SM) - [ <{X°})a7?Gu). 

J®{fJ.<0} 
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Theorem 1.3. Let /j, > 0, f G W 9 (SM) and V G 1{SM). If there exists 
u G L 2 (SM) such that L T u = f , then V{f) = 0. 

Moreover, if r > 1 and T> G J* ffi ^ ({P^})d/3(/u), then there exists f G 

W r {SM) and u G L 2 (SM) such that V(f) / and L T u = /. 

In light of Theorem 11,21 Theorem 11.31 savs. for example, that L 2 (SM) 
solutions for C°°(SM) coboundaries with no discrete series component are 
automatically C°°(SM). 

We prove estimate © on every irreducible component and then glue the 
solutions together. Explicitly, suppose we are given < r < t, {u^}^, {f^,}^ G 
J e K.^ and a constant C r> t > such that for all /j, G spec(n), 

( 7 ) < CrjWfuWwtiKu)- 

Write 



and observe 




It therefore suffices to establish ([7|). 

The key idea to obtain estimate (J7|)is to introduce a finite dimensional 
space Y of additional distributions with the property that whenever a func- 
tion is in Ann(Y), the estimate ([7]) is substantially easier to prove. Then 
we remove these distributions using a dual basis to Y consisting of explicit 
coboundaries and obtain ([7]) for each dual basis element. Combining gives 
the full estimate. 

Horocycle maps and the horocycle flow are related through the following 
proposition: 

Proposition 1.4. Let Am have a spectral gap, let s > 1, f G W S (SM) and 

(8) A T (f):= f T fotfdt. 

Jo 

Then there exists u G L 2 (SM) such that 

C-U u = / if an d only if uo <f> T — u = At$- 

One can prove (using Theorem 1.2, Proposition 11.41 and Lemma 16.41 to- 
gether with Theorem 1.2 of [2]) that the operator At maps the space 
of smooth coboundaries for the flow bijectively onto the space of smooth 
coboundaries for the horocycle map. Thus, one could possibly reduce the 
study of the cohomological equation for the time-T map to that of the flow 
studied in Flaminio-Forni [2j, where now obtaining the Sobolev estimate 
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(|6|) is equivalent to proving a lower Sobolev bound on the operator At- 
However, this approach does not seem any easier, so we study time-T maps 
directly. In this way our results on the cohomological equation are com- 
pletely independent of Flaminio-Forni. 



As an application to the above analysis, we prove a rate of equidistribution 
for horocycle maps. Let a(/io) = g( 3 _^q-=^ > where > is the spectral 
gap. For all fi G spec(D) and V G {V k } k U {V } C Z^), define 

( a(/i ) i£V = V k , k^O 



St> ■- 



1+5R f^ if V = V° and /z > 
, 1 if V = V° and [i < 0. 



Theorem 1.5. Xei be the horocycle map on the unit tangent bundle SM 
of a compact hyperbolic Riemann surface M with spectral gap fio > 0, and 
let s > 14. Then there is a constant C s > such that for all f G W S (SM) 
with zero average and (xq,N) G SM x Z + , we have 



N-l 

(9) = Z c c (x ,^,s)P(/)Af-^log+(Ar)©^(x,Ar, S )(/), 
At espec(n)DeX»(/C M ) 

where the remainder distribution TZ(x, N, s) is an element of ^espe^n^Z^/C^))- 
satisfying 

\\n(x,N, S )\\ W - s{Kii) < Or, 

and for all fi G spec(0) and V G I s (fC^), 

\cv\ < C s . 

Remark : For sufficiently smooth functions, the sequence of values {£>(/)} 
converges fast enough for the series ([9]) to converge (see Section 7.3). 

1.4. Acknowledgements. This was written under Giovanni Forni for my 
PhD thesis, and I am sincerely grateful for his help. 

2. Orthogonal Bases for Models 
Let A= ( a b J G SL(2, R). 



For Casimir parameter /i > 0, let v = — ^ be a representation parameter. 
We denote by the following models for the principal and complementary 
series representation spaces. In the first model (the line model) the Hilbert 



COHOMOLOGICAL EQUATION FOR HOROCYCLE MAPS 9 

space is a space of functions on R with the following norms. If ji > 1, then 
v G iR and = ||/|| L 2 (R) . If < n < 1, then < z>< 1 and 

The group action is defined by 

7r„ :PS7(2,R) -^fi(77 M ) 

7r„(A)/(x) = | - cx + a |-(^)/(^^), 

— cx + a 

where igl. 

By the change of variable x = tan(0), we have the circle models 77^ = 
-^ 2 ([lfi f I' cos^(e) ) ^ or * ne principal series, and 

/ /■ 7(tanfl)/(tanfl') dgdg \ 1/2 

" \J[-*/2,«W |tanfl-tanfl'|i^cos 2 (#)cos 2 (#') J 

for the complementary series. 

Computing derived representations, we get 

Claim 2.1. Lei \x > 0. T/ie vector fields for the 77^ model on R are 

X = -(1 + u) - 2x£; 9 = -(1 + v)x - (1 + x 2 )^; 

y = -(l + ^ + (l- x 2 )^ ; tf = -&; 
V = {l + v)x + x 2 -^. 

By the change of variable x = tan(0) ; the vector fields in the circle model 
are: 

X = -(l + u)- sin(20)^; G = -(1 + v) tan(0) - 

Y = -(l + v) tan(0) + cos(2#)^; 17 = - cos 2 ^)^; 

V = (l + ^tan^+sin 2 ^)^. 

For // < 0, let L 2 hol (H, d\ u ) be the upper half-plane model for the holomor- 
phic discrete series, where dX v := y u ~ 1 dxdy and v = yjl — ji 6 {2j — l} ne ^+ 
is the representation parameter. This model has the group action ir u : 
57(2, R) -»• B (L 2 hol (H,dX u )) defined by 

(10) 7r„(A) : /(z) (-« + a )-Wf{^±). 



The anti-holomorphic discrete series case occurs when v = — Ji < 0, 
but we only consider the holomorphic case because there is a complex anti- 
linear isomorphism between two series of the same Casimir parameter. The 
space 7^(77, dX v ) is said to be of lowest weight n := ^4^-. 

The map a : D — > H : £ — > — *f^T * s a conformal map between D and 77. 
For each v > 1, the unit disk model for the holomorphic discrete series is 
denoted Lf iol (D, da u ) and has the measure da v := 4 ^^^^ dudv, which is 
calculated by change of variable. 
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Claim 2.2. Let \i < 0. Then the vector fields in L\ ,{H,d\ v 



are: 



holy 

2^ d . tt — d 



Y = -(l + v)z+(l-z 2 )-f z ; U = - gi ; 

V = (l + u)z + z 2 §- z . 

By changing variables via the Mobius transformation a, the vector fields for 
L 2 hol (D,da u ) are: 

X = -(l + v) + {e-l)i { i G = (1 + „)i(f±f) - 2^|; 

y = (l + ^(f±l)-^ 2 + l)|; U = i&=f-% 

y = -(i + ^(|±i) + ^|. 



We generate the basis for the principal and complementary series from a 
single element uq using the creation and annihilation operators rj± = X±iY. 
The basis for the discrete series is generated by applying the n + to the vector 
of lowest weight n. 

We calculate concrete formulas for the orthogonal basis vectors in 
Appendix A, and we present them here. 

Lemma 2.3. (i) Let fj, > 0. Then the set {uk = e 2lkB cos l+u {6)}kei an 
orthogonal basis for the circle model ofH^. Moreover, if /j, > 1, then for all 
k, 

If the Laplace- Beltrami operator Ajy/ has a spectral gap > 0, then there 
is a constant Csm > such that for any < /j, < 1, 

C 5 m(1 + 1*1)"" < R[&„ < Csm(1 + \k\)- v . 



(ii) Let n < andn = ^Mp be the lowest weight. Then {uk = ffq^ 
is an orthogonal basis, and for all k > n, 



k- 



(z+i)" 



_ n_ 4 _ u ( (k- n)\v\ 



W U k\\ L 2 {H4Xv) ~ ^ ^ (fc + n _ 1) . 

By Claim [ATI {uk}k is an orthogonal basis for H^, L 2 (H,d\ u ) respec- 
tively. The calculations concerning their norms are given in Appendix A. 
We remark that in the complementary series, the values ||ufe||-H M converge 
to zero as fi — > + (see also Lemma 2.1 of [2]). We assume throughout that 
Am has a spectral gap in order that the values ||ttfc||'H have uniform lower 
bound in fi £ (0)1)- With this, we can prove a uniform constant in our 
estimates ([7j) for the complementary series. 

Sobolev norms of the basis vectors {uk} are given by 

(ii) \\uk\\ 2 s = (i + ^ + 8k 2 y\\ Uk \\ 2 . 
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3. Relevant distributions in models 

3.1. Invariant distributions. Let [i £ spec^Au) — {0} and write / = 
<3? • cos 1+iy G M« in circle coordinates, where 

oo 

m = J2 ^ 2lke - 

k=—oo 

Then define 

5 (0) lf) :=*(£), 

and now formula (40) of [2 J shows 5^ is [/-invariant, and Theorem 1.1 of 
[2] proves 

(12) 5® G W-« 1+ ^)/ 2+f )(^), 
for all e > 

An important property of <5' ' is that functions in Ker({5^}) decay at 
infinity. 

Lemma 3.1. Let /i £ spec(Ajvf) — {0}, e > and suppose Am has a 
spectral gap fio > 0. Then there is a constant C a e sM > such that for all 
f € w (i+Sh>)/2+2epij n Ann({5^}) and x £ R, we have 

\f(x)\ < c e>SM (i + \x\r {1+ ^ +e) \\f\\ W ( W/ 2 +2e{Hfi y 

For k G Z, formally define the linear functional by 

4/t(/) = / f{x)e-^ ik / Tx dx = /A 

When < /i < 1, Sobolev embedding shows that sufficiently regular func- 
tions in Ti^ are also in L 1 (M) (See Lemma |3.2[) . 

On the other hand, when /x > 1, C°°('H M ) is not contained in L 1 (M), nor is 
L 1 (R)r\C°°(n fJ ,) dense in C°°(T-l^). Lemma Ogives that all functions that 
are sufficiently smooth and in Ker(d^) are also in L X (R). So for fj, > 1, we 
extend the definition of the Fourier transform T to any / G V^( 1 +^)/ 2+e (^ /i ) 
by setting 

(13) / := = JF(/ - *(<>) (/) cos i+- o arctan) . 

Lemma 3.2. Lei [i £ spec{A M - {0}),e > 0,T > and k £ Z. Then 
$k/T ^ W _ (( 1+SRl ')/ 2+e; )('H^) is a cj) j, -invariant distribution. 

Proof : When < /z < 1 and / G C 00 (7i fl ), write / = <3?oarctan(x) cos 1+u o arctan(x). 
Sobolev embedding gives 

|4/t(/)I < ll^°arctan || L oo (R) / cos 1+u o arctan(x)dx < C ttU \\f\\ W (i+n,)/2+ Hn ) . 

When /i > 1, let / := / - <5<°)(/) cos +i/ (arctan x), and then the decay on / 
given by Proposition 13.51 shows 

\S k /Af)\<C e \\f\\ (1+Stl/)/2+e . 
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Additionally, the change of variable i-T4i shows that is 4>j,- 
invariant, 

k, T f{--T)= [ J{x-T)e- 2 ™ k l T dx = 5 k /TU)- □ 

The discrete series case is similar to the principal and complementary 
series cases. Let /j, < and n = be the lowest weight. By the change 

of variable £ = ffipfj, the basis for Lf wl (H,d\ u ) written in the unit disk 

model Ll ol (D,da v ) is {u k (0 = £ fc ~ n (e - l)"* 1 }^. Then any f e H„ has 
the form / = $ • u n G 7^, where 

oo 
fc=n 

Now define := $(1), so <$(°) G w-((i+")/2+e) ■(^) ) aga i n by formula 

(40) and Theorem 1.1 of 0. 

For € Z, there are also distributions given by Fourier transforms of 
delta distributions along E x {iy}. For / G W 1+€ {Hp), fe G Z and y G M + , 
define 

&,„(/) = / /(x + zy)e- 2 ^ + ^dx. 
Jr 

Lemma 3.3. Let fjt < 0, k G Z, T > and e > 0. T/ien 

^er( 1+£ )(if,,iA„) 

zs a (j) -invariant distribution. 

Lemma 13.31 will follow immediately from Lemma |A.3[ which proves func- 
tions in W 1+e (H, d\ u ) have some decay at infinity. Moreover, 

Lemma 3.4. Let fj, < 0, k G Z and yi,y% > 0. Then Sk/T^ — $k/T,y 2 i an d 
if k < 0, £/ien o~k/T,y! = 0- 

Lemma [3.41 follows from Lemma L4.3l and Cauchy's theorem, and its proof 
is given in subsection \A. 31 We therefore drop the subscript y and write 

for any y > 0. 

3.2. Additional distributions at infinity. The following distributions 
are not (^-invariant and are introduced as a technical tool. 

Let \i G spec(AjM — {0}), and for all r G N, define 

5 (r) ._ (®r § (0)y 

Then Lemma 6.3 of Nelson, Analytic Vectors (|llj) together with (|12|) shows 

\s {r \f)\ = |5 (0) (97)l < a||e7ll ( i + ^)/2 + e < c, jr .||/|| r+(1+ ^ )/2+e . 
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Hence, $( r ) £ W~^ l+ ^' 2+e \%^). 

The Key Point in proving our estimate for the cohomological equation is 
that functions that annihilate distributions at infinity have additional decay, 
and their derivatives do too. We have the following stronger form of Lemma 

EH 

Proposition 3.5. Let [i £ spec(Ajvf) — {0}, e > and s > 0, and suppose 
Aj\/ has a spectral gap no > 0. Then there is a constant C se gM > such 
that for all f £ W'+^^^CHp) n Ann({5^ } s r Zl), x £ R and integers 
< r < s, we have 

\f {r) (x)\ < C s , eiSM (l + |H) r (l + kl)~ (S+r+1+ ^ ) |l/|l^+(l + ^)/ 2+ e(W M )- 

Proof: Write f{6) = &(6) cos 1+iy (#). Because / is smooth in the repre- 
sentation theory sense, has a Taylor series about ^. Moreover, because 

/ £ Ann{{5^} s r zl), we have $(r) (f ) = for all < r < s - 1. So $ 
decays, which forces / to decay as well. The estimate is a straightforward 
calculation and is similar to the proof of Proposition 13.61 □ 

Let \i < 0. Similarly, 

(14) 5 (r) := (Q r 5 (0) ) £ W- {r+{1+u)/2+e) (H,d\„). 

Recall that the parameter v tends to infinity. For fixed regularity s and 
v < s, we estimate the transfer function in the same way that we did for 
the principal and complementary series. We use the following proposition 
proven in Subsection I A3! 

Proposition 3.6. Let fi < 0, and let r, s £ No satisfy < r < (s — l)/2 

and s > 4. Also let f £ W s {H,dX u ) n Ann({5^} l r ^ hl ). Then there is a 
constant C s > such that for all z £ H , 

\f {r) {z)\<c s \\f\\s{i + \z\r {s,2+y+r) . 

The case s > v is different, and for this we do not use the additional 
distributions. 

4. Cohomological equation for the principal and 
complementary series 

Define Z s {n^) := {V £ W- S {U^)\L^ T V = 0} and Ann{Z s {U^)) := {/ £ 
W s (TL /Ji )\'Df = for all T> £ T s (TL fl )}. 

Throughout this section, let fi £ spec(Ajvf) — {0},T > 0, r > and 
suppose Am has a spectral gap fiQ > 0. 

The main theorem of this section is the following: 

Theorem 4.1. For all f £ Ann (Z 27 "^ 3 / 2 ("%„)), there exists a unique 
solution u to the cohomological equation u o <j^, — u = f. Additionally, there 
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is a constant C ry sM > such that 

( 15 ) < Cr,SM,T\\f\\w 2r + 3 / 2 (Hn,)- 

Remark : We actually prove the tame estimate 

< Cr,Siw(l + M) r |l./'lliy+ 3 / 2 (« M ) 

in each irreducible component. Because there exists infinitely many irre- 
ducible components, the representation parameters v may tend to infinity, 
so we absorb v using the Casimir operator □ and obtain (1151) . 



4.1. Proof of Theorem 14.21 The following theorem essentially proves The- 
orem ETJ 

Theorem 4.2. If f € W 2r ^' 2 {U^) n ^nn({4/T>fel-oo u ^ en 
i/iere exists a unique solution u to the cohomological equation 

(16) u(x — T) — u(x) = f(x), 
and there is a constant C T) sm > such that 

( 17 ) < WfWw^+^iHf,)- 
To ease notation, define 

a(i/,e) := s + (1 + 3fa/)/2 + e. 

Lemma 4.3. Zeis > 0, and / e W s(l/ ' e) (^)n^nn({^ r )}^U{4/T}^_oo)- 
Let u 6e defined by 

oo 

n(x) = ^/(x + A;r). 
n=l 

Taen u is a solution to (fTE]) and i/iere is a constant C s ^gM > snca taat 
/or all s G M and < r < s, 

k (r) (*)l < + IH) r (i + kD-^^ll/ll^)^)- 

Proof: Then u is formally a solution. When x > 0, Proposition 13.51 gives 

, r oo oo 

n=l n=l 

oo 

< c Sj£)5 m(i + nnmu^) Ed* + nT i + ir (s+r+1+ ^ } • r. 

n=l 

Then by the integral estimate we conclude. 

For x < 0, Proposition 13.51 shows / £ L 1 (M), so the Poisson summation 
formula gives 

E/(-+- T ) = ^E/(^ e2mWT = °- 
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Therefore, u{x) = Yj£=i /( x + n ^) = ~~ Yl^Lo f( x ~ n ^)- Again, Proposition 
13.51 and the integral estimate proves the lemma. □ 

Proof of Theorem 14.21 : From the definition of A and the principal and 
complementary series formulas for the vector fields X, Y and G given in 
Claim \2A\ one finds A r consists of terms of the form (1 + v) m x k -£j, where 
< k — j < r and j + m = r. 

Then 

\\u\\ W r (n ^ < £ (1 + 1^1)^11(1X1 + l) fc ^||«, 

0<j,k—j<r 

(is) < + nr\\f\\ s{ ,,e)\m + ir^ik- 

Note that if \i > 1, then || • ||^ = || • 1 1 x,a (M.) an d = 0. So for all 
< r < s — 1/2, (fT5|) < oo. In this case, s(u, e) = s + \ + e, so 

NI,<%^(i + M)l/IUi/2+, 

In particular, this holds for r = s — 1/2 — e. Then replacing s with r + 1/2 + e 
proves Theorem 14.21 for fj, > 1 and r £ No. 

When < /U < 1, then 3f?f = v in formula (I18D . Lemma I A 1 2 1 shows that 

( 19 ) ||fli|tt„ < ^ (HsIIlooqr) + |bllLi(R)) • 

There are only finitely many values in spec(D) c (0, 1), so the constant C u 
in (|19p satisfies C v <C for some absolute constant C. 

Observe that for all < r < s + v - 1, (|x| + l) r -( s+!y ) G L X (E) n L°°(R). 
As before, this holds for r = s + ^ — 1 — e. Setting s = r + 1 + e, we see 

e ) = r + l - „ + (l + v )/2 + 2e < r + 3/2. 

This proves the estimate in Theorem 14.21 for r G No- 

Let < s < r, so that we have the continuous injections W r (J-L lJ ) C 
VF S (H M ) C T-Lfj,. Notice (1 + A) is an essentially self-adjoint, strictly positive 
operator on so for any a G [0,1], the operator (J + A) m+S ( 1-Q! ) on 
is defined by the spectral theorem. Then define w ra + s ( l - a ) ("H^) := 
dom((I + A) ra+S ( 1_a ))| w ^ and give it the norm 

imi ra+s(1 _ a) := iKi + A)-^ 1 -")/!^. 

In this sense, {W r (%/i)}reR> is an interpolation family. Then because the 
estimate in Theorem 14.21 holds for all integers r > 0, the interpolation theo- 
rem given at Theorem 5.1 in [7] completes the proof. □ 
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4.2. Proof of Theorem EQ 

Theorem 4.4. Theorem 14.21 holds under the weakened hypothesis that 

To begin, set xo '■= "o(= c os 1+I/ (-)), and recursively define {XkYk=\ 
(20) Xfc+i := (Xfc 0t - Xfc)- 

Then Xk is a coboundary for all k > 1. We show {xfc}fc=i is a basis in the 
dual space to {{S^} r k=0 ) and obtain a bound for each Hxfcllw^X'H )■ F° r this, 
we study the distributions cj^d^ . 

A calculation based on Claim parts ii) and Hi), proves 

Lemma 4.5. Let \x G spec(p) } r > and / G C°°(% M ). 7/r is even then 
^ W = 2 E (2(^ + l)(20 2 ^W)-( 2i ) 2a+1) (2( i+ i)))^ 2j ~ 1) ; 



i=o 

and i/r is odd, £/zen 



CuSfr) = \iy + l)(2i)^(°) 



, til" 1 

+i£ (2(i/ + l)(2<) s W^ +1 )-(2i) a y+ 1 )(5 (i+1) ))*f- 3 W- 1 ). □ 

j=0 

Lemma H3] gives coefficients {cj,fc}o<j,fc<r C C such that A/I^Cfe)}^ Q ) = 
( c j,k)j,k is an r x r strictly upper triangular matrix. 

Exponentiating, we get coefficients {ej t k}o<j,k<r C C such that 

( 21 ) ^-rl({5C=)}^ > = ( e i,fc)j,fc 

is an r x r upper triangular matrix where e^fc = Qj.fc for some coeffi- 

cients {oj^} C C and e^- = 1 for all j. 

Lemma 4.6. Lei {xfc}I=o ^ e defined by (120j) , T/ien /or all 1 < j < k < r, 

(22) * (i) (Xfc) = | n i=o e i-i+i^i = J 

[ if j < k 

Proof : This follows by induction using the identity 0^ T <^)(xfc) = 

Ei=o e m,^ (m) (Xfc) from ([21]). □ 

For convenience, we define IT^ := IT^~Q|ejj+i| for all k > 1. 

Lemma 4.7. Lei G spec(n), e > and f G W r (^) n ,4nn({<5 (0) }). T/ien 
t/iere are coefficients {w& and a constant C r > suc/i i/iai 

r 

fd-= f - ^2^kjxk 

k=l 
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is in Ann({dW} r k =0 ) and for alll<k<r, 



k+(l+?Rv)/2+e if T < 1 



(23) K/|< r * ( *£7i| „ 

1 Cr||/||fc+(i+gb/)/2+ e otherwise. 



Proof: To ease notation, we will write uij := ujjj for all j. Recursively 



define uj\ := - -j^- and if ojj have been defined for 1 < j < k < r, define 



n fc 



We first prove by induction that for all < k < r, 5^(fd) = 0. By assump- 
tion d^(f) = 0, and because all functions in {xfc}fc=i are coboundaries, the 
flow invariance of $(°) implies 5 (0) (Xfc) = for fc > 1. So tf( )(/ d ) = 0. Now 
assume that 5^{f d ) = for < j < k. Moreover, by construction and 
Lemma 14, 61 

r 

J'=l 

= ^ (fc) (/) - E^Oci) = ^ (fc) (/) - X>« w fo) -«*n* = o, 

i=i j=i 
from the definition of u^. 

For the estimate, we exponentiate the matrix Cu\^ k )y k ) m Lemma l4~5l 
and get 

e j,j+l = - Tc 3,j+l = ~ T U + + ( v + 

It follows that for [i E spec{0), there is a constant C r > such that LT r > 
C r T r . 

Now we prove by induction that (|23p holds for all 1 < k < r. Consider 
the case T < 1, and then the case T > 1 will be clear. Recall from formula 
© that $0) G ^-(j+( 1+ ^/ 2 )(^). Notice that |<^i| < g||/|| 1+{1+5R , )/2+e . 
Then assuming (|23|) holds for 1 < j < k, observe 

I, , I <r Ck I n \\f\\ , x^ C i\\f\\j+(i+ , ttv)/2 x (k)^ \ 

\Uk\ < I C k\\j\\k+(l+^)/2+e + 2^ T j(j+l)/2 ° WiJ 

- T k(k+l)/2 H/Hfc+(l+^)/2+e- D 

Proof of Theorem 14.41 : Let and {wfc}£ =1 be defined as in Lemma [4T71 
Because fd £ Ann({#^K =0 ), Theorem 14.21 shows that /<£ has a transfer 
function Ud and there is a constant C r > such that 

IWIw-CfyO < Cr || /d 1 1 2r+3/2- 
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For each 1 < k < r, Xk is a coboundary by construction, and there is a 
constant C r > such that ||Xfe||vK r CH M ) — C r . Then define 



k=l 

and one checks that u(- — T) — u(-) = f. Moreover, 

r-l 

\\u\\ r < \\ud\\r + ^ |wfc,/|||Xfc||r 
k=0 

< M|/d[|2r+3/2 + Tr .( r+ i)/ 2 ll/llr+ll < Cr,T,SM||J ||2r+3/2- 

The case when T > 1 follows in the same way. Finally, u is the unique %^ 
solution, because if w is any Ti^ solution to (fTBj) . then w — u £ and is 
T-periodic, which means w = u in □ 

Proof of Theorem 14,11 : This now follows from Theorem 14.41 by show- 
ing that X 2r+3 / 2 (^ M ) is precisely S := ({<5 n/T } neZ U {<5 (Q) }). Section 3 
shows S*o C I 2r+3 ^ 2 (H fJ ,). For the other inclusion, suppose there exists 
V G X 2r+3/2 (^ M ) - Sb. Then let / G D Ann(S ) be such that 

£>(/) ^ 0. By Theorem 14.41 / has a smooth transfer function in the domain 
of V, so V{f) = 0. Contradiction. □ 



5. COHOMOLOGICAL EQUATION FOR THE DISCRETE SERIES 

The spaces I s (H,d\ u ) and Ann(I s (H , dX u )) are defined analogously to 
X s {% lJL ) and Ann(I s (T-L IJj )). The main theorem of this section is 

Theorem 5.1. Let fi < 0, T > 0, r > 0, and f G Ann(l 3r+4 (H, dX u )). Then 
there is a unique L 2 (H, d\ u ) transfer function u satisfying u o <^ — u = f, 
and there is a constant C T) t > such that 

\\u\\w r (H„) < C r ,T\\f\\w3r+^CH^- 

According our model, 

u o cf) T — u = f means u(- — T) — u = f, 
for u, f G L 2 (H, dX v ). Throughout this section we will use the biholomorphic 
map a : D — > H : £ — > — i := z - 

We remind the reader that it suffices to only consider the holomorphic 
discrete series. The argument is divided into two dissimilar cases, when v < s 
and when v > s. When v < s, the function / does not have enough decay to 
easily estimate its transfer function, so we use the additional distributions 
at infinity as we did in our estimate for the principal and complementary 
series. We do not use them when v > s. 
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5.1. Proof of Theorem I5.2L Our immediate goal is to prove 

Theorem 5.2. Let n < 0, T > 0, r > 0, and f G W 3r+4 (H, dX u ) n 
Ann({5k/T}kei+ U }&=o)- ^ en ^ere is a constant C T) t > and a 
unique L 2 (H, dX u ) transfer function such that for all z G H, 

(24) u(z-T)-u(z) = f(z), 

and 

\\ u \\w r {H,d\ v ) < C r ,T ll/H W 3r + 4 (H,d\ v )- 

Let s := L^^J ■ Our method of proving this is the same as for the principal 
and complementary series. 

Lemma 5.3. Let /i < 0, and let r, s be integers that satisfy < r < s and 
s > 4. Also let T > 0, f G W s {H,dX u ) n Ann{{5 k/T } keZ + U {<5 (r) }r>o)- 
TTien i/iere is a constant C s > and a unique L 2 {H,d\ y ) solution u to the 
cohomological equation u(z — T) — u{z) = f(z) such that for all z G H, 



\u^{z)\ < ^sy\\ w . {H ^ ) {i+\z\rM'+^ i \ 



Proof : This time we use Proposition 13.61 and conclude as in Lemma 14.31 

□ . 

Proof of Theorem 15.21 : As in the proof of Theorem 14.21 one finds 
(25) H| r < (J (l + \z\) 2r+2 - s - 2v %zy- l dxdy V2 



Observe (|25p < oo whenever 2r + 1 — s — v < —2, which holds whenever 
2r + 2 < s. Then choose s = 2r + 4. 

Finally, Claim [XT] shows that □/ = (1 - u 2 )f, so that v 2 f = (1 - □)/. 
Then for r G 2N , 

|K/lk+4 = ||(1 " □) r/2 /l|2r+4 < C r ||/||3r + 4, 

by Lemma 6.3 of Nelson |11| . Finally, interpolation gives the estimate for 
all r G M + . The solution is unique for the same reason as in Lemma [5.31 □ 
Now we remove the additional distributions. 

Theorem 5.4. Theorem 15.21 holds under the weakened hypothesis that f G 
W 3r +\H,dX v )nAnn({S n/T } neZ n{6^}). 



Set xo ■= u n and given Xk, define Xk+i ■= Xk ° <P- T ~ Xk- Lemmas El 
and 14.71 do not depend on the particular representation space, and the same 
argument used in the proof of Theorem 14.41 now proves Theorem 15.41 □ 
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5.2. Proof of Theorem 15. 1L Throughout this subsection let fx < 0, v > 
5, r > 0, v > 3r + 4 and T > 0. Let H + = {z £ H\$tz > 0} and H~ = {z G 
H\Rz < 0}. 

For this case v > 3r + 4, we do not use any distributions at infinity. 

Theorem 5.5. Let f G W 3r+4 (F, d\ u ) n Ann({4/r}fcLi)- T/ien i/iere is a 
constant C r > and a unique L 2 (H,d\ u ) transfer function u to the coho- 
mological equation (f24"|) . which satisfies 

~T 

Let {«fc}fc>n C L 2 (H,d\ u ) be the basis discussed in Section 2, and for 
k > 0, write 

~ T~ ) ( — T ■ 

z + i J \z + i, 

Lemma 5.6. Let s E N and satisfy 2r + 4 < s. Then 



\ u \\w r (H,d\„) < -TfWJWw^+i^^dXv)- 



t(z) := Y,f(z + mT) 



m=l 

is a solution to the cohomological equation 

(26) u(z-T)-u(z) = f(z), 
and is in L 2 (H,dX u ). 

Proof: Let f(z) = YlkLn c k u k(z), and define u(z) := Ylm=i f ( z + mT ) ■ 
Then u is formally solution to (j26|) . Observe the basis elements decay like 
(l + |z|) _( ' 1+!/ \ Because v > 3r+4, Lemma b4.3l shows that if z = x + iy G -ff, 
then 

Lemma 5.7. For all k > 0, 

«&»(*) = EE ^ _ ( ^ ! _ m (y +t-j-)! Mfc+B+i - j(z)(z +0 " r ' 

where we set 

k\ 

(27) (fc-tf-m))! " ° 
if A; < j — m. 

Proof : Let a : D — )■ : £ — > — i f f~rl be the Mobius transformation 
from Section 2. Switching to unit disk coordinates and then using formula 
([HD , there are constants {cj )r .}£ =0 C C such that 

r 

(28) 4l n (z) = U r (u k+n o a )(0 = c jAZ ~ l) r+J K+n o a)<%). 
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A calculation shows that for all k > 0, Uk+ n °a(() = £ ( -r^f ) • Using 
the notation in (|27h . it follows that 



_ \v+l-l 

1=0 

Combining this with (|28p . we conclude. □ 



Given k, q, j G No, define 

oo 

Vk+n, q ,j,T( z ) ■=^2( 1 + \ z + mT\Y\uf +n {z + mT)\. 

Lemma 5.8. Let s G N be such that 2r + 4 < s, and let f G W^rl^). Then 
there is a constant C s > such that 

/ oo "> 

\\ u \\w r (H+,d^) < C s\\f\\s ^2 [ E \\ Uk + n \\w°(H4\„)\\ Vk + n > c l,j> T \\h(H+,d^) 

0<j,q—j<r \k=0 / 

Proof : As in the proofs of Theorems 14.21 and 15.21 there exists C r > such 
that 

\\(l + AYn\\ LHH+4K) <C r Y, v r - j m + \A) q ^Xz)\\ L * {H+AXv) . 

0<j,q-j<r 

For z G H + , we have 



1/2 



|(1 + |z|)*«0(*)| < E E I^K 1 + \ z + ™ r l) ff l«i£n(* + mT)| 



.(f) 

fc=0m=l 
oo / 



^(|c fc+n |||ii fe+n || s ) ( Hujfc+nlls 1 ^(1 + |z + mr|) 9 |u^| n (z + mr)| 
fc=0 V m=l / 

< ii/ii. (£ ii«*+»ii j 2 ( E o- + i z + mr i) 9 i%°ln(^ + mT )\ 



v fc=0 \m=l 
'2 



Now taking L norms gives Lemma 15.81 □ 



Lemma 5.9. With assumptions as in Lemma 15.81 there exists a constant 

Cj + fc! 1 /(it- j)!(z/-s)! 



Cj > such that 

\\v k+ n^ h T\\LHH4K) - T {u + l _ j)l{k _ j)Wu _ s + 1 . 2u - s j . , 

Proof : The triangle inequality gives 

oo 

\\Vk+n,q,j,Th*(H+,d\ u ) = II E^ 1 + \ Z + mT \) q \ U kln( Z + mT )\\\LHH+4K) 

m=0 



1/2 
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oo 

(29) < £ \\{l + \z + niT\y U f +n {z + mT)\\ L 2 {H+4Xu) . 

m=0 

Lemma 15.71 shows 

||(1 + \ z + mT\y U ^l n (z + mT)\\ L 2 {H+4K) 

11(1 + |z + mT|) ,? u fc+n+ /_ w (z + mT)(z + mT + z)~ J llL 2 (H+,dA„)- 
Observe 

||(1 + |z + mr|) 9 n fc+n+ i_ M ,(z + mT)(2; + mr + i)" i || i 2(^ +idAi; ) = 

(/ H+ ( 1 + | i + ,„r|)^.--(|i±^|) 2, ' + '- , " > 

v-s-1 s 

y y rdxdyfl 2 



mT + i\ 2 ("+ 1 - s ) \z + mT + z| s + 4 



(30) 

f f (i + \ z + mT\)*«-fi-+*(\ z + m ~ i \ 2{k+l ~ w) y"- 8 - 1 y 



Moreover, because s is even and v — s > 1, it follows that L 2 (H,d\ u - s ) 
is a model for the discrete series representation with parameter v — s. Let 
n s = v+ \~ s and define 



u k+n a +l-w{ z ) 



, k+l—w 
Z — Z 1 



+ (z + i)^-^ 1 ' 

and notice that the integer k + Z — «; > 0, so u| + „ s+ ^„ w € L 2 (H, dX^-s+i). 
Because 2r + 4 < s and q < 2r, we know that 2(q — r) — s + 4 < 0, and then 
using Claim [231 

( [ (i i \z i mrn^)-^ ^ + ^-^ |V (fc+; ^ ) ^ ^ 



/(£; + / -w)!(z;-s)!\ 1/2 



(31) < 



y/v - s + 1 • 2"- s \ (fc + Z - W + ^ - s)! 

^ /(fc- j)!(^-s)!\ 1/2 



- s + 1 • 2^~ s \(k — j + v — s) 
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Next, 

'I (1 + \ z + mT |)|3 IU~(H+,<fc<%) J < (1 + mT)3 /2 • 



Combining this with (|3ip and (|30p . we conclude 



CO J w 



— " - r ^ n ^ (fc - (w - /))! {v + 1 - w)! (1 + mT)3/2 

m=0ui=l i=0 



J (i/ + 1 - j)\ ^ (1 + mT) 3 /2 ^ (fc - j)\ ^ u - s + i . 2 V ~ S \{k-j + v-s) 



oo 

i ; ' -,- I ] ' 

< c 



< C i + fcl 1 / (fc-j)!^- S )! \ 1/2 n 

" T + j)! (k-jy.^v- s + l-2»- s \{k-j + u-s)\J 

Proposition 5.10. With assumptions as in Lemma \5.8\ there is a constant 
C s> j > such that 

oo „ 

Ell II -2 1| || 2 <s W> s 

WUk+nWs \\ v k+n,q,j,T\\ L 2( H + ,d\ v ) - ~jT ■ 

k=0 

Proof: Lemma 12.31 ii) together with Claim Hi) give 
-2 _ v A uf, , ,, , o/,. , „^2^-s f + 



(32) ||« fc +n \\j 2 = --4 u (l + fji + 8(k + nyy , ,. . 

7r y k\v\ 

Multiplying this by \\vk+n,q,j,T\\L 2 (H )i the factor 4 U is canceled by 2~ 2 ( u ~ s \ 
and growth from the factor (ttzW) f is canceled by (1 + ^ + 8 + 



(k-j)lj \ kM 

n) 2 )~ s ( j^j^E^r J- The proposition follows. □ 

Proof of Theorem 15.51 : Combining Proposition ^. 101 with Lemma [5 . 8 1 proves 

c 

\\ u \\w T (H+,d\ v ) — ~T il/r \\f\\s- To estimate u on H~ , we let y > 0. Because 
s > 1, Proposition \AA\ proves /(• + iy) G so the Poisson summation 

formula applies. As in the proof of Lemma [4.31 / G ^4nn({<5fc/r}fc>i) = 
J 4nn({(5fc/j'}^ = _ 00 ), and we conclude 

oo oo 

u ( z ) = ^2 f( z + mT ) = - X) f( z ~ mT ^- 

m=l m=0 

The same argument used to estimate ||w||w' - (fl'+,rfA I/ ) proves there is a con- 

c 

stant C s > such that ||ti||w(H-,rfA„) — "r 1 ^ II /lis- Then combining the 
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estimates for H + and H , and setting s = 2r + 4 proves 

\\u\\ r < < Y L ||/|| 3 r+4 

when r S No- The estimate for r > and real follows by interpolation. 

Finally, the solution u is unique for the same reason discussed at the end 
of Lemma 15.31 which completes the proof of Theorem 15.51 □ 

Proof of Theorem 5.1: It remains to show the space of invariant distribu- 
tions I 3r+4 (H, d\ v ) is modeled by 

5 := ( <{4/t}* 6 z+ U {5 (0) }) if ^ < 3r + 4 
° ' L ({4/T}feeZ+}) otherwise. 

By Section 3, Sq C Z 3r+4 (%^), and the other inclusion follows from defi- 
nitions and Theorems 15.41 and 15.51 (See, for example, the proof of Theorem 

ED - □ 

6. Proof of Theorem 11.31 
We prove Theorem[L3j which states that ±{SM) := I(SM)-J @ ^({V^dpifj,) 

is the space of distributional obstructions to the existence of L 2 (SM) solu- 
tions for coboundaries in W 9 (SM). 

Proposition 6.1. Let fi G spec(U), T > and k G Z. If f G W 5 {U^) has 
a transfer function u G H^, then <5a;/t(/) = 0. 

The cases when \x > 1 and fj, < are similar, so we handle them together. 

Lemma 6.2. Let pL < or /jl > 1, and T > 0. For aZZ & G Z, i/ / G W 5 ^) 
/ias a transfer function u G £/ien b~k/T(f) = 0. 

Proof : First suppose that /i > 1, and let it G "H^ be such that / = 
u o — u. By extending the Fourier transform on W 1 ^^) as in definition 
(|13p . we see that / is continuous. Note that Ti^ takes the L 2 (M) norm, so 

/ = F{u o</%-u) = (e" 2 ™^ - l)u, 

m L 2 (R). Therefore, u — ^ e -2iriT£ in L^(K). Because / is continuous and 
u G L 2 (M.), we conclude /(|) = 0, for all k G Z. 

When /i < 0, again suppose <5fc/r(/) 7^ 0, and recall the norm for the 

model L 2 (H,d\ l/ ) is \\f\\ L 2(H,d\ v ) = fulu \f( x + ^)l 2 V v ~ X dxdy. The same 
argument gives Lemma 16.21 □ 

Lemma 6.3. Let < /i < 1, T > and k G Z. // / G W 5 ^) /ias a 
transfer function u G i/ien <5fc/r(/) = 0. 
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Proof: Suppose to the contrary that ^/t(/) 7^ 0. Let K(x) = \x\~ v and 
ip € <S(R). Then 

jR 2 f — yi 



(33) = / / f(*h ^dx)i>(y)dy=(f*K,4,) L 2. 

Jr \jr \y — x \ / 

Then define the linear functional £j by £f(ip) '■= (f*K, "0)l 2 (r)) an d similarly 
define £ u . By Lemma IA121 

(34) \l s {$)\ < WfWnMWn, < \\f\MWW»W + II^IU-W)- 

In particular, £f,£ u G S'(K). 

By assumption = I f_^ UO( ^_ u y and by linearity it follows that If = 

£ uo< j,u — £ u - Observe that <pj, is unitary on H^, so £f = <^t u — £ u , and 
therefore 

if = (e 2n ^ T — l)£ u , which means 

£ f - 1 



in S'(R). 

Now £j = fK in <S'(R), and we show that £t is continuous away from 
0. Switching to circle coordinates, write / o tan(#) = <£(#) cos 1+u (6). Using 
Sobolev embedding followed by Lemma [2731 gives 

/ oo \ V 2 

\\n c o<cJ J2 (i + ifei) 1+e | Cfc | 2 

\k=— oo / 

Then 

ll/lk < [|*||oo / cos 1+ ^)^-<oo, 

J(-n/2,n/2) COS Z (9) 

so that / is continuous. 

Next, we show that for all £ € R - {0}, K(£) E C. Notice 

\K(0\< [ \x\- 1+ "dx+\ f \x\- 1+u e- 27Tix ^d^\ 

J\x\<l J\x\>l 

Because v £ (0, 1), it suffices to consider the integral with domain {|x| > 1}. 
Using integration by parts, we have 

f x- 1+u e- 2 ^dx = I" x- 2+u e~ 2 ^dx l — ( x" 1+u e~ 2mx ^] \f G C. 

Moreover, if K = on R — {0}, then if = 0, which cannot be, so there exists 
some £ G R such that K(£ ) £ C x . 
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Let j3 E M — {0}, and notice that K is homogeneous, so 

/>oo 

/ |x|- 1+ ^e- 2m ^°dx 



= sgn(/3) jH |^|-l+^-2^o^ = sgnm \ll_lK(Z ) = \prK(to). 

By assumption 5 k / T (f) ^ 0, so if k ^ 0, then /.K" is a continuous, nonzero 
function in a neighborhood A/fe containing k. Let -0 E C^°(K) be a nonzero 
bump function supported on Nj~ and satisfying ip(k) ^ 0. Then 

(36) = ^ ^r^^ K = °°- 

If k = 0, we again conclude ^ e27r f/ g _ 1 ^ (^) = oo. 
On the other hand, (1341) shows 



4(V0 < (II^IIli(K) + IIV'IIl-(r)) < oo. 

But given (|35|) and (|36|) . this is a contradiction. □ 

Proof of Proposition 16.11 : This follows immediately from Lemmas 16.21 and 



Let fi > and / E W^iJ-L^). The operator At defined in ([8]) represents 

as 

At fix) = - [ f(x + t)dt and A T f(z) = - [ f(x + t + iy)dt 
Jo Jo 

in the model (fj, > 0) and the L 2 (H,d\ u ) model (fi < 0), respectively. 
We will use Proposition II .41 to prove the distributions <5(°) obstructs the ex- 
istence of solutions for /i > 0, and we re-state it here for the convenience 
of the reader. 

Let Am have a spectral gap, and let s > 1 and / E W S (SM). Then there exists u E 
L 2 (SM) such that 

C-U u = / if an d on fy if uo cf)j, — u = At$- 

We defer its proof to Appendix A, Section [A.4i Proposition 1 1 .41 implies At 
maps coboundaries for the horocycle flow to coboundaries for the horocycle 
map. Using Theorem 11.21 we find every smooth enough coboundary for the 
horocycle map arises this way. 
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Lemma 6.4. Let T > and f E W 9 (SM), and suppose there exists u E 
L 2 (SM) such that 

(37) / = u o (jjp — u. 

Then there exists g E W 4: ^ 3 (SM) such that A^g = f ■ 

Proof : By ©, write / = f^d/3(fi). Now fix an irreducible component 
%i t , and write / = /„ for convenience. By Lemma 6.3 of [11] we have 
[7/ € 1^ 8 (%^), and by flow invariance U5^ = 0. Proposition 16.11 shows 
/ E Ann({5 k }%L_J, so 

4/t(^/) = 2m^5 k/T (f) = 0. 

Then Theorem 11.21 shows there exists g E W^ 4//3 (%^) such that Uf = g o 
4P T -g. 

If /j, > 0, then for every Mel , 

f{x)-f{M)= [ X Uf(t)dt 

J M 

rx t-x-T i-M-T 

[g(t — T) — g(t)]d = / g{t)dt - / 5 (t)eft. 

'Af Jx JM 

Write g(6>) = $(6>) cos 1+l/ (6>). Then by Sobolev embedding, ||$||co(k) < ||^||i, 
so that for all x E M, |<?(;e)| < | 1 9 ^ 1 2 • Hence, limjy/-s.-oo Jm_t 9{t)dt = 0, 

V 1 -f - X 

and for the same reason, limM^-oo f(M) = 0, which means 

f(x) = [ g(x + t)dt = A T (-g)(x). 
Jo 

If \i < 0, we again see that for every M E R — , 

/•x-T t-M-T 

f(x + %) - f(M + iy) = / <?(t + iy)dt - g(t + iy)dt. 

Jx Jm 

Now Lemma [XS shows \g{x + iy)\ < Iblli ^pj^^ . so / = A T (-g), as 
before. □ 



Proposition 6.5. Let fi > 0, T > 0, and f E W 9 {U^), and suppose there 
exists u E % M such that 

f = u o (f)j, — u. 

Then £ (0) (/) = 0. 

Proof : By Lemma l6~4"l there exists g E W i ^ 3 (T-L ll ) such that / = Axg, 
and now Proposition 11.41 implies Cjju = g. With this, Lemmas 4.7, 4.8 and 
4.9 of [2], show <5 (0) (#) = 0. Moreover, the flow invariance of 5^ implies that 
for all t E [0, 1], S^(g o $) = 6<®(g) = 0, so 

0= f T S ( -°(-go(t>f)dt = 5(°)(- / T gotfdt) = 5^{f). □ 
jo jo 
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Proposition 6.6. Let fj, < and r > 1. Then there exists f G W r (H, d\ v ) 
such that 5^°\f) ^ and f = u o (fry, — u, for some u G L 2 (H, d\ u ). 

Proof : We safely restrict ourselves to the holomorphic discrete series, so 
fj, < implies n = ^±1 > 2. Let / € W^dA^) be such that 5^°\f) / 0. 
Then Lemma 4.5 of [2] shows there is a solution u G L 2 (H,d\ v ) such that 
= /• So Proposition 11.41 implies 

^4t/ = u o (fij, — u, 

and notice that 

||A T /||r< / T ||/o^|Ut<a,T||/||r, 
JO 

by Minkowski's inequality and the commutation relations. Finally, notice 
that <j(°) is flow invariant, so 

S^(A T f) = -S^(J T f(- + t)dt)=-J + t))dt?0. □ 

Proof of Theorem 11.31 Combining Propositions 16. 1( 16.51 and I6.6( we con- 
clude. □ 



7. Equidistribution of Horocycle Maps 

In this section we prove the equidistribution result listed as Theorem [T3J 
We focus on the time-1 horocycle map for simplicity, but the same argument 
works for the time-T horocycle map. Let SM be compact, and note the 
Laplacian has only pure point spectrum, so we have the correspondence 

V n := {Qn)*8 n , V° := (Q M )*<S<°> 

between the invariant distributions in ({£> n }nez U {T> }) =I(JC /Ji ) and those 
in <{MnezUL5(°)}> =!{%»). 

We assume J SM fdvol = and prove that for all (xq , N) G SM x Z + , 
(38) 

N-l 

^E^ X °)= E c v (xo,N,s)V(f)(BTZ(x ,N,s)(f), 
k=o ^espec(n)Dex s (K: M ) 

where 1Z{xq,N, s) G (X(SM)) is the remainder distribution and satisfies 
||7^(xo, N, s)||_ s < jf-, cx>(xo, N, s) are the coefficients at the invariant distri- 
butions T> and satisfy \cx>(xq, N,s)\ < C S N~ S ' D and S-p is as in Theorem (T3J 
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7.1. Remainder distribution. 

Proposition 7.1. Let s > 6. Then there exists a constant C s > swc/i i/tcrf 
for all (x ,N) G SM x Z+, 

C 

||^(a;oi-^,a)||w— (5Af) < jf- 

Proof : Let / G W S (S*M). Because K(x ,N,8) € (X S ( J 9M)) ± , we can 
write f = fx® fc, where / z G (Ann(X s (5M))) 1 C Ker(TZ(xo, N, s)), and 
/c G Ann(X s (S'M)) is the coboundary component. Then by the splitting in 

HMD, 

i 

(39) \K(x ,N,s)f\ = \K(x,N,s)f c \ = |- £ <^(* )/d- 

n=0 

Theorem 11.21 and Sobolev embedding show there exists \ < r < s, C s > 
and a (unique) L 2 (SM) solution u G W rr (S'M) to the cohomological equation 
uocj) T —u = /c satisfying |Mlc°(SM) < [|u]| r — C s \\fc\\s- Now ([39j) becomes 
a telescoping sequence, and using this estimate, we conclude. □ 

7.2. Invariant distributions. For each n£Z, define c n := op n , and write 
do := cdo, where op n and opo are the coefficients given in the asymptotic 
expansion (|38p . The following lemma allows us to control the coefficients at 
the invariant distributions in terms of the horocycle flow and the "twisted" 
horo cycle flow. 

Lemma 7.2. Let \i G spec(0) and s > 6. Then for all r G Z — {0}, 

1 f 1 

c T (x Q ,N,s)V T = - e M (tf(x )ydt- e 2mrt ^ t Kdt, 

iV io Jo 
1 f N f 1 



c (x ,N,s)V = - J (^(xo^dt-doix^N^^ - J <p u _ t Kdt, 
and 

1 f N f 1 
d (x Q , N, s)V° = - / (4(x ))*dt - c (x , N, s)V - / <t> u _ t Kdt 

iV Jo Jo 
as distributions in £'(JC^). 

The proof of Lemma 17.21 is contained in Appendix B. 



At this point, we use the (sharp) estimate of J (xq))* dt given in 
Theorem 1.5 of [2] to estimate the coefficients at the flow invariant distri- 
butions. 

Proposition 7.3. Let fj, G spec(D), s > 6 and the ergodic sum (|38p G 
W~ S (SM). Then there exists a constant C s > such that for all (xq,N) G 

SM x N, 

|co(x ,iV jS )| < C s iV-( 1 - R v / Wl)/2 log +(Ar) ) 
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and 

f Ar-(i+»VT=M)/2i og + (i v) i/M > 

KKiV,*)|<tf s ( ^ .^^ 

Proof : We estimate | Co (xo, iV, s) | . Let /o £ C°°(/C^) be such that 2?o(/o) = 
1 and P°(/o) = 0. Let vr : W 1 ^) -> (^nra^/C^)))" 1 be orthogonal pro- 
jection. Let g 6 C°°(/C M ) n Ann(I(K,^)), so there is a transfer function 
it £ T4 /1 (/C M ) corresponding to the coboundary g such that for any t £ [0, 1], 
g o = u o + n o <^r t . Therefore, <? o <^ £ ^4nra(Z(/C M )). Hence, 

(tt/o o 4^,9)^ = (tt/o,3 ^-t)^ = 0. 

Then for all t £ [0, 1], tt/ o ^ £ (Ann(X(/C M ))) ± , so 7J(tt/ o $) = 0. 
Then Lemma 17.21 gives 

|co(x Q ,iV jS )| < |- / irf ($(x ))dt\ + | / ^(^)(x ,iV, S )(7r/o)dt| 

(40) < I- J 7T/o(<^ ))^|. 

Finally, Theorem 1.5 of [2] gives the estimate. 

The estimate for the coefficient do(xo, N, s) follows in the same manor. 

□ 



To estimate the coefficients at the other invariant distributions, recall that 
a(/io) := g|~^y^= y , where [io > is again the spectral gap of Am. 

Proposition 7.4. Let \i £ spec(D), t£Z, s>6, e>0 and the ergodic 
sum ([381) G W"*(iSAf). T/ien 

|c T (x ,iV,s)| < CtT 5 l 7 + € N- a l*>\ 

Define 



1 



A/ 



77V,. = ^ ^ e^ rt (^(x ))*cft. 

In light of Lemma 17.21 Proposition 17.41 will follow once we estimate 7jvt> 
which is given to us by a recent result of Venkatesh (Lemma 3.1 of [16J). For 
any natural number k > 0, let W k, °°(SM) be the set of L 2 (SM) functions 
satisfying 

\\f\\w.°°(SM) = 11(1 + A) fc / 2 /IU-(5M) < oo. 

Lemma 7.5. [Venkatesh] Let J SM fdvol = 0, e > and fiQ > 0. Then there 
exists a constant C > such that for all (xo,N) £ SM x N and r £ R, we 
have 

hNAf)\<c\\f\\ w ^(sM)N- a ^. 
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Proof of Proposition ]! ,41 : First let [i G spec(0). Lemma l-B.ll gives a 
function f T G C°°(/C^) such that for all V G Z(/C M ), 

r lif2? = 2? T 
10 otherwise. 

Let 7r : M /1 (/C M ) — > (Ann(I(JC fM ))) 1 ~ be orthogonal projection as in Proposi- 
tion EH 

Then Lemma 17.21 together with Lemma 17.51 gives 

\cr(x,N, 8 )\ <C £ \\f T \\ w i,oo ()C } N- a ^ + \ f 1 e 2mTt ^ t TZ^fr)dt\ 

Jo 

Finally, Sobolev embedding and the estimates (|60p and (|6ip in the proof of 
Lemma \B . 1 1 prove that for any e > 0, 

II/t||w"1.°°(/C„) < Ce||/r|lw 5 / 2 + e (X; M ) - C e T 5/2+e . □ 

7.3. Proof of Theorem 11.51 Propositions 17. l l 17. 3| and 17.41 give an upper 
bound for the rate of decay of the remainder distribution and all invariant 
distributions. Now we need conditions showing when the series in (I38p 
converges. We begin with a lemma, whose proof is deferred to Appendix B. 

Lemma 7.6. Let fjt G specfp), s > 2 and f G W^U^). Then for all £ G R, 

<c s \\f\\w^(H^+\c\r s - 

Proof of Theorem 11.51 : Recall that a(fio) := g( 3 ^/T-~^ ) • We estimate one 
irreducible component at a time, so let /i > and / G W S (K,^), where 
s > 14. Then by Lemma 17.61 and Propositions 17. 1 | 17.31 and !7.4| we have 

1 1 £ /(^r )| = | c,(x , N, s)V k {f) + d (x, iV, s)V\f)\ ® ^^ S)(/) | 

n=0 VfceZ / 

<CJ/||. ^ l^| 5/2+1/4 ^r 4 iV- Q(M) log + (iV) 
fcez-{o} 



(n^-W log+(iV) + AT-C^V 2 log+(JV) + ^\ 



One estimates in the same way when fj, < 0. The series converges absolutely 
with constant C s independent of \x. Then Theorem 11.51 follows by gluing the 
series together from each irreducible component. □ 
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Appendix A. 

A.l. Claim lA II and proof of Lemma 12.31 The models for the principal, 
complementary and discrete series are discussed in Section 2. For fi > 0, a 
calculation in the circle model shows cos 1+I/ (9) G Ker(Q). For all k G Z, 
define 

Ufc :=e 2lkd cos 1+u {6). 
For // < 0, we do calculations in the upper half-plane model L 2 (H,dX u ). A 

formal calculation gives uq = (fipf) (i^i) e KerQ, where n = 
In this case, for all integers k > n, define 



Z — Z \ / 1 



Z + 1 J \ Z + I 



Let j„ 



-oo if // > 
n if u < 0. 



Claim A.l. For any p, G spec(D) and for all k > j^, we /lave 

i) (X + iy)n fc = -(1 + v + 2k)u k+1 and (X - iY)u k = [—(l + u) + 2k]u k -i- 

ii) — i@(u k ) = 2ku k . 

Hi) Dufc = (1 — v 2 )u k and Au k = (1 — v 2 + 8k 2 )u k . 

Additionally, {uk\k>j v C C°°(rl^) (resp. C°°(H,dX u )) is an orthogonal 
basis for (resp. L 2 (H,dX u )). □ 



Proof of Lemma [ 

Part i) : By Claim lAlj {-u^ = e 2ifce cos 1+u (9)} k ^z is an orthonormal basis 
for Hp. If |U > 1, we may write v = is for s£R and get 

\\u k \\ 2 = |e 2 ^cos 1 +-W| 2 ^- = vr. 

■/-Tr/2 cos 2 (6l) 



When < \x < 1, we see 

2 



f (l + a; 2 ) -(i+,)/2 (1 + y 2 ) -(i+„)/2 
n -h = / ; 77— dxdy < oo, 

by splitting the integral into parts where \x— y\ < 1 and \x— y\ > 1. Because 
there are only finitely many eigenvalues of □ in (0, 1), we conclude there is 
a constant Csm > such that Cg M < \\uq\\ < Csm- 

The basis {u k } in Flaminio-Forni [2] is constructed using a vector no G 
Ker(Q) normalized so that ||£to|| 2 = 1j an< ^ then generating the rest of the 
elements from uq by the creation and annihilation operators. Analogously 
to Claim [All Formula (24) of [2J gives ||77±Ufc|| = ||(l + i/±2fc) , fifc±i[|. Hence, 
for all k > 0, 

V+ U k || HT-rJfc 1 , + 1 || 

= ll i + , + 2fc 11 = l|n ^TT^7 (r?+) " ol1 



ian^ =0 - 1 ^ 9 . (r ?+ ) fc+1 n || = C v \\u k+l \ 
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where Cg M < C v < Csm- Lemma 2.1 of [2] gives that whenever there is a 
spectral gap fiQ > 0, there is a constant Csm > such that 



CsmO- + \k\y v < \\u k \\ 2 < C S m(1 + \k\ 



Part ii) : The unit disc model L 2 (D, do v ) has the measure da v := 4 j*_!^2 ( |, +1 



■dudv 



and we use the conformal map = —i (^§~r j • One checks that u n oa(£) 
Using polar coordinates, 



-2i 



r2/cj ^ = U„. r 2 /n j„ \ = 4 / — —, -rs dudv 



l n\\L 2 (H,d\ l ,) — \\ u n\\L2(D,d<r„) 

-1 



D\ 2 7 |£_l|2(i/+l) 



vr4^ / i*" 1 ^ = — . 
o 



Let {uk}^L n be the basis given in [2J. Lemma 2.1 of [2] gives that for all 
fc > n, 

ii~ n2 (A; — n)!i/! 



(Jfc + n- 1)! 

In particular, ||u n || 2 = ^u,n = 1, so [|u n || = :^=|j||n n ||. 

We generate the other basis vectors from our creation operator. For all 

k > n, 

u k = — TWi 7V+Uk-i and u k = — — -r] + u k -i. 

v + 2k — 1 v A- 2k — 1 

By iterating we conclude 

ii ii /tFo-^h- m F* -v( {k-n)\v\^ ]1 
\\ u k\\ = A/- 2 Kll = a/-2 



V ^ + n — 1)! 

With this, Lemma 12.31 ii) follows. □ 



A. 2. Proof of Theorem 11.11 The first step is to prove 

Lemma A. 2. Let \i < and r,s be integers such that < r < s < v. If 

f G W S (H, d\ v ), then for all£eD, 

(41) 

r / oo \ 1/2 

k/o«)W(oi <^ +1/2 ii/iuE E n^(*+*r* + *ieH i*nwi ( 

j=0 \k=r-j ' ' J 

Proof: We have 

oo 

/ o a (o = (-2i)-^ +i ) Cfc+ „e fc (i - er +1 . 
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Differentiating, 
(42) 

i/oa(-> ( e)i<^£ ( £ M (k _" +jV \t\ k ) ler-'n-fr 1 -'- 

3=0 \k=r-j V ~ TJJ - J 

Formula (f3"2"j) gives the value of ||«fc +n || s . Now multiplying and dividing by 
||ufc +n || s inside the sum and applying Cauchy-Schwarz, we conclude. □ 
Now let 

B T ■= {z G H : \z - i\ < T/3} and := int{H - B T ). 

Lemma A. 3. Let [i < 0, and let r,s be integers such that < r < s < v. 
Also let z G Bj° and f G W s (H,d\ v ). Ifv/2 + r < s, then 

and if v/2 + r > s, then 

1 ±^Viifn / j_y /2 - s+r+1/2 ( i y~ r/2 

T - ,) ll/l|s V^J Vl + |z| 2 + 29(z) 

Moreover, if fi = 0, e > and / G VK 1+e ('H At ) ; i/zen 

|/(Z)| < Cell/Hi^ 



|/ (r) (z)| < C r z/ +1 / 2 



; (i + N) 2 " 

Proof : By (|47p and Lemma IA2I we have 

r 

= ET(/ o Q )(0 < C r ^ |^ - 

(43) 

/ \ x / 2 

< cv^ii/ii. ( E ^r 1 ^ + ^)- 2s+2r ici 2 M ieni - er +1+r 

For the following Case 1 and Case 2, let q = |£| 2 . 
Case 1 : u/2+r < s. Then z^-2s+2r < 0, which means < ^^(k+v)- 2s+2r < 
1, and therefore 

(|^(^-)^ifi 2 ') V2 < (E;*) 1/2 = (t^) 1/2 - 

by the change of variable a : £ — )• — i j we have that 

(44) 

4 \ V2 



. a-H(y- 1) 2 = 1 4£sz 

l x + i(y + iy 1 + |z| 2 + 2%z Sl V 1 + NI 2 + 2 ^( Z 



and |1-£| 
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Then noting that z G an elementary calculation concludes Case 1. 
Case 2 : v/2 + r > s. Then v - 2s + 2r > 0, so that 

—^{k + u) 2 S +2r |e|2fc <^ V _ Lg k 

k=r—j k=0 

d»- 2s+r k \ _ <F- 2s+2r f I \ _ , ( fj_" u ~ 2s+2r+1 

~ dq v-2s+2r ^« J " d ^-2 S+ 2r \J3^J " (" 2 S +2r). ^ — 

Then combining this with (|43p and (j44p gives Case 2. 

Case 3: If /i = and / G W 1+e (?{„), write /oa(£) = - Then 

Sobolev embedding gives 

i/(z)i = i/oo(oi = i*(6iic-ir +1 < n*iico(z»ic-ir +1 

(45) < C e ||/|| (1+ , )/2+e |e - = C e \\f\\ 1+e \S - ir 2 . □ 

Proposition A.4. Let y G R + , s > 1 and f G W S (H^. 

If fi = and s > 1, then f G L 1 (- + iy). If < 0, and r, s are integers 
such that < r < s < v, then + iy) G 



Proof : Because / is holomorphic, it is bounded on compact sets, so it is 
bounded on BtD (— oo, oo) x {y}. Then the proposition follows from Lemma 

1X1 □ 

Proof of Lemma [3.31 : The statement that b~k/T,y G VF~^ 1+e ^(-ff, c?A v ) fol- 
lows from Lemma IA3I and ^-invariance follows as in Lemma 13.21 □ . 

Proof of Lemma 13.41 : Say yi > y 2 , and let s > 1/2. Additionally, for all 
n G N, let T n be an oriented closed curve with sides 

T n := {[-n+iy 1 ,n+iy 1 ]}U{[n+iy 1 ,n+iy 2 \}U{[n+iy2, -n+iy 2 ]}U{[-n+iy 2 , -n+i 

Let / G W s (7^t), and note that / is holomorphic. Then by Cauchy's 
theorem, = J r f(z)e~ 2ntk ^ Tz dz. By Lemma \A.3\ there is a constant 

Cu. 

3/1,2/2 > such that 

f( z ) e -^/T*dz\ + I / /(z)e- 27rifc/T2 dz| 
-n+iy2,—n+iyi] J \n+iy2,n+iy\] 

<a„||/IU(i + H)- 2s . 

Letting n — )• oo, we conclude S k / Tyi = S k / Ty2 . 

The second statement is proved the same way. □ 

Proof of Theorem 11.11 : For [i > 0, formula (40) of [2 J and Lemma 
and show that for all e > 0, we have 5 (0) A/T G V^-(( 1+ ^/ 2+e )(?^) are 
invariant distributions. Moreover, the proof of Theorem 14.11 shows I(7iu) = 
({(5fc/r}fcez U })■ Then unitary equivalence gives Theorem II .11 for /x > 0. 
When n < 0, we use formula (40) of [2] and Lemmas 13.41 and 13.31 for the 
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regularity of 5^ and 5k and for the definition of 5j~, and we use Theorem 
15.11 in place of Theorem 14.11 □ 

A. 3. Proof of Proposition 13.61 Throughout this subsection, \i < 0, r, s G 
No, s > 4 and < r < s, where s := [^-\ • Moreover, we use the conformal 

map a : D — >• H : £ — > — z f fzrl := z between L> and H, and we let 
{uk}k>n C L 2 (H,dX u ) be the basis given in Lemma [2T3l 

Note that if < r < a, then 5^ G wM r+ ( 1+ ^/ 2+e ) (il, dA y ) C PF -s (iT, dA^), 
because r + ^ + e < s when < e < 

To begin the proof of Proposition 13.61 define the space 

M 

V U {D) = c k u k ° cx\M > n is an integer and {ck}kL n C C}, 

k=n 

and note o a = i k ~ n u n (^). For / G V U (D) write / = • u n , where 

Lemma A.5. If f £ V V {D) n Ann({^')}J~J) 3 ften = 0. 

Proof: Because / G V U (D), we may differentiate $ term by term. Then 

(46) ^_d>(e 2 ^)| e=0 = 5>(27ri*)' = (-nYS^(f) = 0. 

fc>n 

Now Taylor expand $ about £ = 1 and get = — l) fe > where 

{/3fc}£L C C. Then conclude /3 k = for all < k < s - 1 by induction. □ 
Let j G N and given t\, . . . ,tj £l, let tj := ti • • • and := tj(£— 1)+1. 

Lemma A. 6. Let f G V V {D) n Ann({$Cj)}»:^). T/ien /or a// ^ £ T> , we 

have 

|$ {r) (0l < le - l|'" r / |$ (S) (*S-r(£ - 1) + l)|*S-r • • ■ dtx. 

J[o,i] s - r 

Proof: Let 

g(t) = m {r \t(C - 1) + 1) + i5& r \t^ - 1) + 1). 
Then the Fundamental Theorem of Calculus gives 

$ (r) (0 = f g'(t 1 )dt 1 = (Z-l) [\(r + i) m _ 1) + 1)dtu 
Jo Jo 
and iterating gives Lemma \A.6\ □ 
Define 

V V {H) := {/ G L 2 (H, d\„)\f o a G V U (D)}. 

Lemma A.7. Let f G T U (H) n Ann({<5( r )}^J). T/ien ft ere is a constant 
C T)S > suc/i fta£ for all z £ H , 

\f (r) (z)\ <a lS ||/n s (i + ki)- (s/2+iy+r) . 
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Proof : Notice / o a G V V (D), so / o a(f ) = - ^Y +l ■ Then using 

Lemma L4. 6\ we get 

< C7„„'£ / rW )l*."-r+i---*iK- l| S " +I/+1 - r . 

^0 ^[0,1]*-^ 

Because -D is convex, we know that £r G D for all tg-j. Recall that 
^. ForalH tVj 

\ 1/2 



i> < s and let < e = £=p. For all £r . G D, 



\* {s) (tU\<cA E l<*l 8 * 



2S+1+e ikii 2 ikir 2 



\k=— oo 



< <? e ||/|| s ~ +il ±l +e < C s 

One shows by induction that for r > 1, there are constants {cj}^ =1 C C 
such that 

r 

(47) U r (foa)(0 = J2 c iti- i y +j (f° a ') (J) (0- 

3=1 

Then there exists C r > such that 

r 

it/ r (/ o a)(o\ <a£ie- ir +i i(/ ° 

i=o 

r r 

< cvxii/iu E i£ - ii s+i/+w+j+r < a-xii/ii. E k - ii (s/2+iy+r) . 

J'=0 i=o 
Then the Lemma follows from the change of variable given by the Mobius 
transformation a : £ — > — *|~T ( see (03)) • 1=1 

Proof of Proposition 13,61 : Clearly, V V (H) is dense in VF s (-ff, <iA y ). Then 
let 77 > and G dA„) n ^nn({(5( r )}^J) satisfy 

11/ - /r?lliy 3 (H,dA„) < V- 

As r < and u < s, take < e = and conclude that for all z G H, 

d r d r 
\j^(f ~ fv)( z )\ < W^fif ~ fv) ( Z )ll(l+*)/2+e < 11/ " All* < V, 

where we use Nelson [7] in the second inequality. 
Hence, 

|/ (r) WI<l^r(/-/,)(^)l + l4 r) (^l 
< ry + C r , s ■ v r (\z\ + ir {s/2+u+r) \\fv\\w^y □ 
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A. 4. Proof of Proposition II. 4L The left equality implies the right by 
the fundamental theorem of calculus, so it is the other direction that is of 
interest. We consider each irreducible component individually, and the first 
step is the following lemma. 

Lemma A. 8. Let fi G spec(0). If ^ > 0, then (distributional) Ker(AT) = 
({^n/r}neZ-{o}) * n the Hp model. If /i < 0, then (distributional) Ker(Ax) = 
({4/r}fceZ+) inL 2 (H,d\ u ). 

Proof : First let fi > 0. Let V G Ker(A T ) C and /i G «S(R) C 

C°°(l-Lp). Recall that the Fourier transform is defined on C°°(^ At ) by (fl~3|h 
so 

= (A T V)h = -V{A_ T h) 
(48) = V{J e 2 ^dth(0)=t>( — h{£)). 

Hence, supp(f>) C Z - {0}, so ({4/T}fceZ-{o}) c ^er(A T ). 

For the other inclusion, (|48p gives Ker{Ax) C ({^f/j>}fcez-{o}jeN )- Be- 
cause distributions in Ker{Ar) are supported on the discrete set Z — {0}, 
it is enough to fix k G Z - {0} and show ifer(A T ) n ({^SrJ^Li) = {0}- 
Moreover, because elements of £'(Hp) are continuous on C r (Hfj,) for some 

SO") 
k/T,: 



r > 0, we can fix r > and show that any nonzero T> G ({^j- i}J=i) i s n °t 



in Ker(AT)- 

Fix A;, r and P. Then there exists {cj} V j =1 not all zero such that 

r 

^ = C 3^k/T,V 

and take {dj}j =1 such that Yl c jdj ^ 0- Let /(£) = g -g^g-^ ; and we find 
/i G C C °°(IR) such that for all j > 1, S^L(fh) = dj. 



Set := j^- y and note /($) = 0, so 



Notice /' (0 = 2 " €(2 " re2 ^fer iTe - 1)2 " , so 

, k = (27Tik/T)(27TiT) = T2 

7 V (2irik/T) 2 k T 

Next, for all 2 < j < r, we have 

^ ) T(/^) = E(4)/ M (|)^'" m) 4) 

m=l 
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which suggests we set 

' d)nk/T) 

Then 6 { k j) (fh) = dj. Now using Taylor series we know a function h G C^°(IR) 
with these derivatives at ^ exists, so P ^ Ker(Ax). 

For ^, < 0, the Fourier transform is defined along the line K + i C -ff , so 
for G G C°°(H,d\ v ), define Gi := Ji(G(- + i)). As before 

(A T P)(G) = Pi / Ji(G(a; + i + = V 1 (———G 1 (£)) = 0, 



whenever V G ({<5fc/T,l}fceZ+) ^= ({<*fe/T,l}*eZ-{0}) J , so ({$k/T,i}keZ+) C 
Ker(A T ). 

For the other inclusion, let /, h be as in the principal and complementary 
series cases and define 



G[z) := [ e^-^hiOd^. 
Jr 



Lemma EH] shows G G C°°(H,d\ v ), and notice G(x + i) = h(x), which 
means Gi(£) := F\{G{- + i)) = /&(£)• Then we conclude by the same argu- 
ment. □ 



Observe 

cT 



/ f ° 4>\ dt = = uo — u = / Cjju o cj) t dt, 
Jo Jo 

which implies At{Cjju — /) = 0. Lemma 14.81 now shows the (distributional) 



Ker(A T ) 



({<Vr}ifcez-{o}) if M> 
<{4/r}fcez+) if A» < 0- 
So there exists {ck}kez C C such that 

(49) ^-/={ E ^t fc/T .; f ^ < > n 

I Lfc=i c fc4/r if M < 0. 

We prove Proposition II .41 by showing every ct is zero in every irreducible 
representation space. 

Lemma A. 9. Let [i > 1, s > 1 and / G VF s ('H At ). // i/iere exists u G 

u o (f>^ — u = At/, 

then 

Cuu = f. 
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Proof : By formula (149 h . we need to show each coefficient c m is zero. 



Taking Fourier transforms, we have 2ni^u — f = YlV=-oo C k^k/T- Because 



u, f G L 2 (R), it follows that £u-f G Lf oc (M). For all m G N, let {V>i,m}jeN C 
C~(R) be such that ip^ m is supported in [=± + f , f + A] and Vj,m(f ) = 

1 = llV'i.mllcOR)- Then 

c m = lim V] c fc 5 fc / T (tpj, m )= lim / (27T^u - /)(0^i,m(0 d £ 

fm/T+l/j 

< lim / 1^(0-/(01^ = 0. 



3-*°° Jm/T-l/j 

Hence, c m = 0. □ 

For the discrete series case we have the following. 

Lemma A. 10. Lei /i < 0, s > 1 and f G W S (H, d\ u ). If there exists 
u G L 2 {H,d\ u ), such that 

u o (f>^ — u = Axf, 

then 

Cuu = f. 

Proof : Let m G Z + and we again show that the coefficient c m in formula 
(j4~9|) is zero. Let ip G C°°(H,dX u ), and define n y (x) = u(x + iy). Observe 
Cjj is essentially skew-adjoint on L 2 (H,dX u ), so 

(£uu,ip) L 2( HjdXl ,) = -{Uyil>') L *(H,d\ u ) 



poo / poo \ 

= / ( / u(x + iy)ip' (x + iy)dx\ y u ~ 1 dy 

poo 

(50) =/ {u y ^),(-27ri^y)L^R)y u ' 1 dy = {(2mH)T lU , F^). 

Jo 

Let e > and let g ttiri G C£°(R) be a bump function supported on — 
e, y + e] that satisfies ||g||c (R) = 1 an d 3e,m(^) = ^f- Now define 

(51) G e , m (z) := / e^-^^R = / e 2 ^e~ 2 <^ g e , m (0^ 

Jr Jr 

and note that G €tiri {x + i) = g e , m (x). So for /c G Z, 

<Vr(G £ , m ) = / e- 2 - fe / T ^)G e , m (x + i)^ 

So for any e > 0, 

\ c m\ = I ^^ Cfc( W T ^ ^ e ' m l - K^^' ^.m)/, 2 ^,^)! + \{f,G e>m ) L 2( HtdXu )\. 
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Because / G L 2 (H,d\ u ), note lim e _>.o Ge,m) L 2 (H,d\ v )\ = 0> so ^ suffices 
to prove lim e ^o \(£uu,G e , m ) L 2 {H4K) \ = 0. 

Set u y {x) = u(x + iy) and let G e! m t y be denned similarly. Using (|50l) . we 
have 

| G e>m ) L 2( Hi(iAj/ )| = | ( (27TZ^) J" i U, J 7 ! G £im ) L 2 (H,dA„ ) I 

(52) 

/*00 /*00 

= |2vr / (u y ,£,G e ^y) L 2( R )y u ~ l dy\ < 2ir / ||%|| L 2 (R ) \\^Ge,m, y \\L2(R)y u ~ l dy. 
Jo Jo 

A calculation now proves ||£G e , m!V || L 2 (R) < ^v/ee" 27 ^- 1 )^/ 7 - 6 ). As m > 
1, we conclude c m = lirm^n (|52l) = 0. □ 

Lastly, we handle the complementary series. 



Lemma A. 11. Let < fj, < l,s > 1 and f G W s {Hfj). // i/iere exzsis 
^u, such that u o 0^ 



it G swc/i i/iai u o — u = ^4t/ ; i/ien £[/it = /. 



Proof : Let g G C£°(R) be a bump function supported on [—1,1] with 
g(0) = 1. Additionally, fix m G Z, and for all n G Z + , define g m ,n{C) '■= 
g{n{^ - m)). Notice that g m ,n{x) = ^e 2mmx g(^). Then from formula (|4U|). 

|Cm| = I I C fc^/r ) (Sm,n)\ < I 5m,n)« J + l(/>Sm,n)«J 

\fc=— oo / 

(53) < K«,fl^„)« M | + K/,5m,n)«J < ||«||« M ||sJn,»||« M + ll/ll« M llftn,n||« M - 

We will estimate Hfl^nllftu and ||fl'm,n||'H M using the following lemma. 

Lemma A. 12. Let < fj, < 1 and h G TTien for any q G [1, -), there 

exists a constant C q>v > such that 

WHup < Cg,i/||^lki(K)(ll^ll^ ? ({|a:|>l}) + ll^-ll^ 00 ({|a;|<l}))- 
Proof : For a given function /i G "H^, 

Observe that 

h(r + x) ^ < r \Kr + x)\ dr f \Kr + x)\ 



and notice 

(55) / lk( ; r .^ )l dr<C4h\\ Laom . 

J{\r\<l} \r\ 



1 1 1 - I [ 

Vp / . \ V? 



Additionally, let p, q > satisfy - + - = 1. Then Holder's inequality gives 



C)[ dr < I / 1/ |fc(r + *|)|«dr 



{|r[>l} H 1 V \J{\r\>l} ) \J{\r\>l} 
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Let 1 < p < oo be such that p(l — v) > 1. So (1 — v) > - = 1 — ~, and 

therefore 1 < q < -. 

When p = oo, then q = 1 and 



< Cfll^lUl^dl^lUiHIsl^l}) + INU°°({|a;|<l}))- 

When p < oo, then 1 < g < ^ and we conclude 

\h(r + x) 



(56) / 



dr < C q>u \\n\\ Lq{ 

{\r\>l} m 1 



Then 

§M < C q ,A h \\L^R)(\\HLi({\x\>l}) + \\h\\L°°({\x\<l}))- a 
We now know there exists q > 1 such that 

(G3]) < C U! q\\u\\ nfl \\g' min \\ L i(\\g' m ^\\ Lq + llfi'm.nlU 00 ) 
(57) + ||/||«Jl5 , m,n||L 1 (llfl , m,n||L'J + || 5m,n Ik 00 )■ 

Notice 

dx n z ' n n n 

Then there is a constant C > such that 

Hfm.JlL 1 + Ibm.nlUl < Cm, ll^nllwi + ||5m,n||i?i < Cmn 1 / 9 " 1 , 
llffmjnIU 00 + llfiVnllL 00 <C—. 

Therefore, limr,^^ (j57l) = 0, and we conclude c m = 0. □ 

Proof of Proposition 11.41 This follows from Lemmas lA9l AiOl and lAllI □ 

Appendix B. 

B.l. Proof of Lemma 17.21 The first step in proving Lemma 17.21 is the 
following. 

Lemma B.l. Let fi £ spec(0). There exists a dual set of functions {f n } C 
C°°(IC^) to the spanning set of distributions {T> n } C X{K,^) so that for all 
n, 

T) (f \ - f 1 # V n = V r 

n[Jr> I otherwise. 
Moreover, for s > 1, there is a constant C s > such that for all r £ Z, 

\c T (x,N,l,s)\ <C s (l + |^|) s |r| s . 

This will be immediate from the next two lemmas. 

Lemma B.2. Lerama \B.\ \ holds when \i £ spec(AsM)- 



COHOMOLOGICAL EQUATION FOR HOROCYCLE MAPS 43 

Proof: First suppose that s,t G Z + . Let /o G C£°(M) be supported in 
(-1/2, 1/2), and let / (0) = 1. Now let X r = e 2niTX f G C%°(R), so that 



(58) 5 k ( X7 



1 if k = t 
otherwise 



Note that because Xt G C£°( K )> we know that 5 (0) (Xr) = 0. Now let ir 
W 1 (SM) -> W^SM) n (Ann(X(5'M)))- L be orthogonal projection, so Xt = 
ttXt © (1 - vr)xr and J5BJ still holds for 7rx T , and J (0) (7rx r ) = 0. 
For the estimate, Sobolev embedding gives 

\C T \ = ICrVriQ^TTXr)] 
<l( ( E CnVn + doV ) en) (Q-\Xr)\ + \K{Q-\ X r)\ 



N-l 

(59) = - E Q^Xn^o)) +0 < CHXrlls- 

fc=0 

We can estimate ||xr||s using our concrete formulas for X, Y, in (1 + 
A) s / 2 = (1 - (X 2 + Y 2 + Q 2 )) 3 / 2 . Because supp{f ) C (-1/2,1/2), we 
have 

(60) ||x T ||, < C s (l + M) s ||(l + U s ) X r\\n, < C s (l + H) s (l + \r\r\\fo\\s- 
Then the lemma for real s > 1 follows by interpolation [7j . □ 

Lemma B.3. Lemma \B.l\ holds when fi < 0. 

Proof: By Lemma 13.4^ there is nothing to prove if r < 0, so let r G Z + . 
First say s G Z + . Let <? r G C^°(R) be supported in [— ^ + t, r + ^] and satisfy 
g T (r) = Define G T (z) as in ([5T|) so that G T (x + iy) = J 7 ^ 1 ^^, y), where 
h{^,y) = e -27r ^ -1 ^(/ T (£), and G T is holomorphic. Then integration by parts 
proves 6(°'(G T ) = 0, so by (|59j) . we only need an estimate on ||G T || S . For 
this, integration by parts proves 

(61) ||G T || S < C a (l + H)V 

when s G Z + , and the estimate for any s > 1 follows by interpolation [TJ. 
□ 

Proof of Lemma \B.l\ : This is immediate from Lemmas \B.2\ and li?,31 □ 
Proof of Lemma YT?2\ : We prove the identity for c t (xq, N,1,s). Notice 
(62) 

1 e 27r ^ t ^ Cfc (x , N, 1, s)P fc + o!o(xo, N, 1, s)P ^ © 7l(x , N, 1, s) 
= jf 1 e 2 ^ u _ t f 1 £ dt = ±j" e 2 ^\^(x Q )fdt. 
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Using Proposition 17.14 we get 



I e 2wiT V-t {do(x , N, 1, s)V° + K(x , N, 1, s)) dt G W- S {SM), 
Jo 



and Sobolev embedding shows 



1 

N 



N 



J2iriTtr±U i 



, t '(x ))*dt G W~ S {SM). 

JV JO 

Hence, 

J^e^V-t ( £ c%(*o,#,l,s)Z>kJ (it G W~ S (5M). 

Then we may separate the integral (|62p and conclude 

Z" 1 1 

^ e^ iTt c T (x ,N,l,s)£ t V dt = - e 2 ™\<pV(x Q )ydt 

(63) 

-/ e 27rir *<^ I Vc n P„ | dt-d (x ,N,l,s) [ e 2 ™ Tt (p u _ t V°dt- f e 27TiTt (f>1 t TZdt. 

Jo y n _, T j Jo Jo 

In the same way one shows Ylk^ T c kDk £ W~ s (fC^,). Let / G C°°(/C M ). 
Then because the unitary equivalence intertwines cf)f , we get 

(cp-M(f) = (Q*J k )(f o 0?) = 5 fc (Q„(/ o <^)) = ° 0f ) 

(64) = 5 fc (Q„/(- - *)) = e ~ 27Tikt $k{QiJ,f) = e- 2mkt V k {f). 

Lemma Ii3.ll shows that \c k \ < C s (l + M) s (l + |A:|) S for all k and Lemma 
I7.6I proves the Fourier transform J-(Q^f) decays faster than the reciprocal 
of any polynomial, so we get 

^2c k V k (f) = ^2c k S k (Q^f) 

k&L keZ 



converges absolutely. Then using (|M|) . 
(65) 



/ e 27r -V-t E c kV k (f)dt = VcJ e 2mTt ^ t V k (f)dt = 0. 



Moreover, because T>° is flow invariant, 



d {x ,N,l,s) [ e 2lTiTt <pU t V dt = 0. 
Jo 



Then combining this with (|63l) . (I64p and (|65p gives the identity for c T . The 
arguments for the coefficients cq and do are the same. □ 
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B.2. Proof of Lemma 17. 6L Proof of Lemma [7.61 : This will follow from the 
next two lemmas. 

Lemma B.4. Let fi £ spec(A M ),r > 2 and f G V7 3r+2 (?^). Then for all 
£ G M, 

1/(01 <Cr\\f\\w3r +HH Jl + \Z\r r - 
Proof : Observe that 

iie r /ibo (R ) < c(\\e fWvpt) + n^(f /)HlW 

(66) < C r (\\f^\\ L2m + ||/W|| i2(R) + ||x/W|| L2(R) ). 

By the change of variable x = tan(#), recall U = — cos 2 (#)^. Then by 
induction on integers r > 0, we have 

r 

\f^( x )\ = \u r f(e)\ < c r J2^ r+j (e)\f U) m. 

We abuse notation slightly and write f(x) = f{6) = $>(6) cos 1+1/ (#), where 
= Em=-oo c m e 2lTime . One likewise proves 

3 

\f (j) {0)\ < C r (l + \$ (k) (Q)\ COS^+^O). 

k=0 

Now Sobolev's inequality implies |<]>( fc )(#)| < ||/||w' fc + 1 ('H )■ Combining and 
switching to R coordinates, we find a constant C r > such that for all 

x G R, 

i/ {r) (x)i < c r (i+|z,ir(i+|x|)-( r+i +^ii/ii r+1 < a(i+ki)-( r + i+ ^n/ii 2r+1 , 

where the second inequality follows from Lemma 6.3 of Therefore, 
©<C r ||/|| 2r+ i. □ 

Lemma B.5. Let \i < 0, r > 2 and f G W 3r+2 (H, d\ v ) . Then there is a 
constant C r > such that 

\Tlf^ + i)\ <a||/||3r +2 (l + |CI)- r - 

Proof: This time using formula (I47D and Lemma 1^4.31 we conclude. □ 
Now Lemma 17.61 is immediate from Lemmas I.B.4I and \B.5\ □ 

References 

[1] M. Burger. Horocycle flow on geometrically finite surfaces. Duke Math. J. 6 (1990), 
779-803. 

[2] L. Flaminio, G. Forni. Invariant distributions and time averages for horocycle flows. 

Duke Math J. 119 No. 3 (2003) 465 - 526. 
[3] - — . Equidistribution of nilflows with application to theta sums Ergodic theory 

of dynamical systems 26(2006) 409-433 
[4] G. Forni. Solutions of the cohomological equation for area preserving flows on surfaces 

of higher genus. Ann. of Math. 146 (1997) 295 - 344. 



16 



JAMES TANIS 



[5] H. Furstenberg. Unique ergodicity of the horocycle flow. Recent advances in topolog- 
ical dynamics. Springer lecture notes 318 (1973), 95 - 115. 

[6] A. Katok, Cocycles, cohomology and combinatorial constructions in ergodic theory, 
Smooth ergodic theory and its applications (Seattle, WA 1999), Proc. Sympos. Pure 
Math., vol. 69, Amer. Math. Soc, Providence, RI, 2001, In collaboration with E. A. 
Robinson, Jr., pg. 107 - 173. 

[7] J. Lions Non-homogeneous boundary value problems and applications. Vol 1. Springer- 
Verlag New York, New York, 1972. 

[8] F. Mautner. Unitary representations of locally compact groups. I, Ann. of Math. (2) 
51 (1950), 1-25. 

[9] D. Mieczkowski; The First cohomology of parabolic actions for some higher-rank 
abelian groups and representation theory; Journal of Modern Dynamics Volume 1, 
No. 1, 2007, 61 - 92. 

[10] C. Moore. Exponential decay of correlation coefficients for geodesic flows. Group Rep- 
resentations, Ergodic Theory, Operator Algebras and Mathematical Physics, Math. 
Sci. Res.Inst. Publ. 6, Springer, New York. 1987, 163-181. 

[11] E. Nelson. Analytic vectors. Ann. of Math. (2) 70 (1959) 572 - 615. 

[12] M. Ratner. The rate of mixing for geodesic and horocycle flows. Ergodic theory and 
dynamical systems 7 (1987), 267-288. 

[13] S. Lang. SL(2,R). Springer- Verlag New York, New York, 1985. 

[14] P. Sarnak. Selberg's eigenvalue conjecture, Notices Amer. Math. Soc. 42 (1995), no. 
11, 1272 - 1277. 

[15] P. Sarnak, A. Ubis. The horocycle flow at prime times. arXiv:1110.0777vl 
[16] A. Venktesh. Sparse equidistribution problems, period bounds and subconvexity. Ann. 
of Math. 172 : 989-1094, 2010. 

Department of Mathematics, University of Maryland, College Park, MD 
USA 



